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ABSTRACT. Let I be a closed submodule over a polynomial ring in a space of holomorphic functions
on a domain in the complex plane. We establish sufficient conditions under which I is generated
by two functions or two special submodules. As a corollary, it follows from these results that if
an invariant subspace W C C*°(a,b) (with respect to the differentiation operator) admits spectral
synthesis, then it is the solution space of a system of two homogeneous convolution equations.
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Introduction

In this paper, we mainly use the terminology in [1-3] and, for the notions of functional analysis,
in [4].

In what follows, € is a domain in the complex plane C, H(2) is the space of all holomorphic
functions in Q, and & C H() is some separable locally convex space over C, which, for brevity,
will be referred to as a space. Everywhere below, it will be assumed that the topology of the space
P magjorizes the topology of pointwise or simple convergence on €.

If the space & is a topological module over the polynomial ring Clz], z € C, or a topological
algebra, then, accordingly, & will be simply called a module or an algebra for brevity. Thus, in what
follows, the space & is a module if it is closed and continuous with respect to the multiplication
by the independent variable z.

A subspace I in the module 2 is a submodule™* over Clz] if pf € I for all p € C[z] and f € 2.
In particular, if &2 is an algebra containing all polynomials, then every ideal in & is a submodule.

A closed submodule [ in the module £ is said to be (topologically) n-generated, n € N, if
there is a set of n elements g1,...,g9, € I such that I coincides with the closure in & of the set
of elements of the form pyg1 + -+ + ppgn, where p1,...,p, € Clz]. In this case, ¢1,..., g, are the
functions generating the submodule I, and the submodule I itself is denoted by I(g1,...,gn). A
submodule is said to be principal if it is 1-generated. More generally, a closed submodule I C £ is
said to be (topologically) generated by submodules I, ..., I, if it is the closure of the set of elements
of the form 4y + - -+ + i, where i1 € I1,... i, € I,,.

In this paper, on the basis of the results of I. F. Krasichkov-Ternovskii’s foundational investi-
gations on the problem of local description of closed submodules in spaces of holomorphic function
of one variable, we establish conditions under which a closed submodule I in the module & is
2-generated or is generated by two special submodules.

In the case Q2 = D, where D is a unit disk, the topics in the present paper are close to the
numerous descriptions (that appeared after the publication of A. Beurling’s famous theorem on the
description of z-invariant subspaces in the Hardy class H?) of algebras in H(ID) whose every closed
ideal is principal. (See the surveys by Nikolskii [5, Secs. 7 and 9-13] and [6] and the references there.)
Among the series of works in this investigation direction by F. A. Shamoyan and his disciples, we
only mention [7, 8].

*This work was supported by Russian Foundation for Basic Research Grant No. 00-01-00770 and partially by
Grant No. 02-01-00030.
**In his connection, the term z-invariant or translation-invariant subspace is also widespread [5, 6].
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In weighted algebras of entire functions determined by radial majorants, every closed ideal is
almost always 2-generated (see [9]) and, for slowly increasing majorants, even 2-generated in the
algebraic sense [10]. In this situation, there can be closed ideals that are not principal, e.g., in
algebras of integer-order entire functions of finite type. Abuzyarova (see [11-13]) established re-
cently that, in the case of weighted modules of entire functions singled out by some conditions
on the indicator, every closed submodule admitting a local description (for the related definitions,
see Sec. 1) is 2-generated. Our results include the above-mentioned situations and also some very
wide classes (see Sec. 5) of modules of holomorphic functions in domains belonging to C. Applica-
tions of the main results in this paper (Theorems 1 and 2) to the problem of spectral synthesis are
discussed in Sec. 5 for the simple, but rather meaningful case of the space C°°(a,b) of infinitely
differentiable functions on an interval (a,b) C R. By Theorem 4, every differentiation-invariant
closed subspace W C C*(a,b) such that the linear span of all exponential monomials contained
in W is dense in it can be defined as a solution space of at most two homogeneous convolution
equations.

The unquestionable connection of the problem under consideration with corona theorems and
with weakly invertible elements is not discussed here. The simpler case in which &2 is an algebra
and in which only closed ideals instead of closed submodules are considered is touched upon in
this paper merely episodically since it was considered rather completely in [9]. Some of the results
obtained in [9] and in this paper were partially announced earlier. (See [14, Theorems A and M].)

The author is grateful to I. F. Krasichkov-Ternovskii for some valuable recommendations that
facilitated the adequacy between the terminology and the newly introduced notions and also to
S. V. Popenov for useful information.

1. Main Notions and Results

In what follows, a divisor on () is understood either as a nonnegative integer-valued function A
with a support supp A = {\,} C Q which is a sequence consisting of pairwise distinct point A,
and having no limit points in  or as a function identically equal to infinity on €. With each
nonzero function f # 0 in H (), the divisor Z; of its zeros which is equal at each point A €
to the multiplicity of the root of f at A is naturally associated. If f =0 in €2, then, by definition,
Zf(A) =00, A €.

For a submodule I of the module &, we set Z; o min{Z; : f € I} and call Zr the divisor
of I.

A space (module) 2 is said to be stable (with respect to the division by the binomials z — \)
if the condition f(z)/(z — A) € H() implies that f(z)/(z — A) € & for all functions f € £ and
an arbitrary point A € C.

def

With each divisor A on §, we associate the submodule I(A) = {f € 22 : Zy > A} of the module
2. 1t is clear that if & is a stable module and if I(A) # {0} (i.e., I(A) is a nonzero submodule),
then Zyn) = A. If A = Z; for some function f € &, then, instead of I(A), we also write I;. We
also note that, generally speaking, Iy # I(f),ie.,I 7 is not necessarily a principal submodule.

A submodule I of the module & is said to admit a local description or to be abundant™ [1-3]
if I =1(Z;).

Let 2 be a stable module. Then, by construction, a submodule of the form I(A) in £ is
abundant. In this case, I(f) = I if and only if the principal submodule I(f) is abundant.

Abundant submodules (and ideals) and their properties play an important role in the spectral
theory of operators, in questions of approximation, etc. (For more detail, see the introductions
in [1-3] and surveys [5, 6]).

A submodule I of the module £ is externally stable at a point A € C\ Q if f(z)/(z—\) €I
for each function f € I (see [1-3]), and I is said to be externally stable if it is externally stable at

*Some authors also use the terms divisorial, local [6], saturated [15], determined (representable) by zeros, or
synthesized submodule [5], etc.
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each point A € C\ Q. A submodule I C £ is internally stable at a point X € Q if the conditions
f €I and Zf(\) > Zr(\) imply that f(z)/(z —A) € I, and I is sad to be internally stable if it
is internally stable at each point A € . A submodule I C £ is stable if it is both externally and
internally stable. It is clear that every abundant submodule in a stable module is stable.

A space £ is said to be uniformly stable if, for an arbitrary neighborhood of zero V' C 22, there
is a neighborhood of zero U C £ such that the set {f(z)/(z — ) € H(Q) : f € U, A € C} is
contained in V.

A space 2 is said to be b-stable (see [1-3]) if, for an arbitrary set B bounded in £, the set
{f(2)/(z—=X) € H(Q): f € B, A\ € C} is contained in the space & and is bounded in it.

A uniformly stable space & is b-stable. Clearly, a uniformly stable or b-stable space is stable.
Stability conditions require that the topology of &2 be in a sense “soft.” In particular, in view of
these conditions, the Banach spaces of analytic functions with “rigid” topologies prescribing the
existence of more or less explicit boundary values of the functions lie outside the range of application
of the result in this paper. At the same time, a wide class of spaces of holomorphic functions is
already included in the classes of uniformly stable or b-stable spaces (see Proposition 5.1) if there
is even a very slight “gap” between the seminorms determining this topology.

A space (module) 2 is said to be analytically densified (see [2, Sec. 5]) if, for an arbitrary finite
system fi1,..., fr € 2, theset {f € H(Q) : |f(2)| < |fi(z)|+ -+ |fe(2)], z € Q} C £ is bounded
in £.

Let £ € 2 C H(Q). If £ # 0 and if there is a function m(z), z € €2, satisfying the condition

in[f( m(z) >0 and supm(z) < +oo for an arbitrary compact set K C (%)
z€ zeK

and possessing the property that the set
{f € 7:1f ()] < max{|€(z)|,m(2)}, 2 € Q} (1.1)

is bounded in 22, then the function ¢ will be referred to as being weakly bounding (in 2). If the
stronger condition that the set

{f € H(Q) : |/ (2)| < max{[¢(2)], m(2)}, = € 2} (1.2)

is contained in the space & and is bounded in it holds in this definition (£ is replaced by H(2) in
(1.1)), then the function ¢ will be referred to as being densely weakly bounding (in 22).

The above two definitions impose rather weak constraints on the related objects. For example,
if &2 is an analytically densified space and if, for a function £ € 22, there is a function g € & having
no common zeros with ¢ (in particular, if & contains a nonvanishing function g), then, setting
m = |¢] + |g| in (1.2), we conclude that ¢ is densely weakly bounding in £.

Let ¢ € 2 C H(Q). If £ # 0 and if there is a function m satisfying condition (*) and also a
continuous function ®(z) > 1, z € C, increasing faster than any power function, i.e.,

log(1 + |z|) = o(log ®(2)), z — 00, (1.3)
such that the set
{f e 2:1f(2)] < (z) max{[l(z)[,m(2)}, z € U} (1.4)
is bounded in 2, then the function ¢ # 0 will be referred to as being bounding (in £?). If, instead
of (1.4), the stronger condition that the set
{f € H) : |f(2)| < (z) max{[{(z)|, m(2)}, z € 2} (1.5)

is contained in the space P and is bounded in it holds in this definition (& is replaced by H(£2)
in (1.4)), then the function ¢ will be referred to as being densely bounding (in ).

For a bounded domain 2, every (densely) weakly bounding function ¢ in & is automatically
(densely) bounding with an arbitrary continuous function ® > 1 in (1.5) or in (1.4). In other words,
the appearance of the function ® in (1.4) or (1.5) is essential only for unbounded domains (2.
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Theorem 1. Let & C H(Q) be an analytically densified and sequentially complete module
satisfying one of the conditions [us] or [bs] below.

[us] & is a uniformly stable space,

[bs] 2 is a bornological b-stable space.
Let an abundant submodule I in &2 contain a bounding function £. Then it is generated by two
submodules I, and I, where g is a function belonging to I. In particular, if all principal submodules
in P are abundant®, then I is 2-generated. More precisely, I = I1(£,g) for some function g € I.

The condition of sequential completeness for the module &2 can be removed here if £ is densely
bounding.

In what follows, the topological closure of a set B will be denoted by B.

The theorem below deals with a more “individualized” version of the same topic as in Theorem 1.

Theorem 2. Let Q) be either a bounded simply connected domain satisfying the condition
C\Q=C\Q (1.6)

or the space C itself, Q) = C, let & be the same module as in Theorem 1, and let I be a closed
internally stable submodule in 2. If I contains an abundant submodule L with a bounding function
€ L, then I is also abundant and is generated by a pair consisting of the submodule L and the

principal submodule I(g) generated by some function g € I, i.e., I = L+ I(g).

Moreover, if, under the same conditions, I contains a bounding function ¢ generating the abun-
dant principal submodule I1(f), then the submodule I is abundant, and there is a function g € I
such that I =1(¢,g).

2. Constructing the Function g from a Given Function £

Given a function ¢, we suggest a method of constructing the function ¢ from ¢ with a set
of analytic properties which is needed in the proof of Theorems 1 and 2 to ensure the required
“closeness” between ¢ and /.

We denote by D(A,t) an open disk of radius ¢ with center at A € C. In particular, if ¢ < 0,
then D(\,t) is an empty set.

To represent the divisor A # oo, suppA = {\,}, kn = A(\,), in Q we will use the canonical
form A = {(A\n,kn)} as well.

Proposition 2.1. Let 2, 0 € 2, be a domain, let £ € H(QY), and let £(0) = 1. Let a divisor M
be a subdivisor of the divisor of zeros of £, i.e., M < Z,.

Then, for an arbitrary function m satisfying condition (%) in Sec. 1 and for each continuous
function ®(z) > 1, z € C, increasing faster than any power function in the sense of (1.3), there
is a sequence of functions {€,} C H(Q) which converges in the topology of uniform convergence to
some function g € H(Y) such that

(1) g(0) =1 and min{Z,, Z,} = M,

(2) the relation
£k (2) — 6p(2)]

lim su =0 2.1
ke p—00 Zeg max{|l(z)|,m(z)} 21)
holds,
(3) the inequality
lg(2)| < Cmax{l(z),m(z)}, where z € Q and C is a constant, (2.2)
holds,

(4) there are two polynomial sequences {p,} and {q,} satisfying the condition lim,,_,o py(0) =
lim;, 00 gn(0) = 1 and possessing the property that

lim sup [pn(2)0(2) — qn(2)g(2)]

*Such a module & is said to be pure. (See [2, Sec. 6, Subsec. 1]).



Proof. We consider the divisor A = Z;—M and use its canonical representation A = {(A,, k) }.
The function g will be constructed as the limit of the partial sums*
al 0(z) ol c
L = — = — N=12.... 2.4
N(Z) nzlcn (1_2/)\n)kn (Z);(].—Z/)\n)k"’ ) &) ( )
Let us concretize the construction of the sequence {c,}. For this, we take a sequence of pairwise
disjoint disks D(A\p,en), €n >0, n=1,2,..., such that

l < inf , € D(Ap,en), n=1,2,.... 2.5
(DI < _nt  m(O).  z€Dnen).m (25)
This can always be done consecutively for n = 1,2,... according to the maximum principle for |{|

and in view of condition (%) on the functions m since ¢(\,) = 0.
We now select a sequence{c,} satisfying the following conditions:

(co) en>0,mn=1,2,...,and 3 5 ¢, =1,

(cx) the estimate

cn | AP
an Z m— =o(l) as N —o0 (2.6)
n>N+41  En

holds, where
N En
(1 + w) if © is bounded,

n=1 ‘)\n’
ay = N (1 N ﬂ)kn (2.7)
n=1 |)\n| . .
su if  is unbounded.

If the domain 2 is bounded, then the coefficients ay > 0 in (2.7) are obviously finite, and if it is
unbounded, then this is true since ® increases faster than any power function. The required choice
of the sequence {c,} can also be realized on the basis of the elementary lemma below.

Lemma 2.1. Let {a,} and {b,}, n = 1,2,..., be sequences of positive numbers. Then there
is a sequence {c,} such that condition (co) is fulfilled and the relation an Y, < n 1 Cnbn = o(1) as
N — oo holds.

Proof. We set s; = 1 and s, = 1/a,—1 > 0, n = 2,3,.... By construction, the sequence
{si.}, 8§ =1, s, = min{s1,...,s,}/(n — 1), n > 2, is strictly monotone decreasing. We write
d, = min{(s}, — s/, 1) /by, 1/n*} > 0. By construction, the series D1 < D ps1 1/n? converges
to a number S > 0 in such a way that the relation >, < x 1 ¢pbn < 32, n 1 (8 = 8541) = Sy, <
sn+1/N =1/(Nay) holds. Setting ¢, = ¢),/S, we obtain the desired sequence {c;,}.

Applying Lemma 2.1 for ay in (2.7) and for b, = |\|[¥» /ekn we obtain a sequence {c,} with
properties (cp) and (c.). We thus derive an upper estimate for the moduli of the terms in (2.4).

For z ¢ D(\,ey), we have

{(z) [ An [
71 I\ k. < 14 ) D )\nv n)j- 2.
| <O 2 DOz (28)
For z € D(\y,€p), by the maximum principle in (2.5), it follows that
£(z) A [
| S , DA, en). 2.9
(1 _ Z/)\n)kn m(z> 551" S ( € ) ( )
Hence, for all z € Q, formulas (2.8) and (2.9) imply that
l(2) | An [

< max{[€(z)],m(2)} cn

e, (2.10)

Cn 70N kL )
T (1= 2/ M)k en”

* As usual, the sum (product) of an empty set of elements is understood as being equal to zero (unity).



whence, for 1 < p < k, by the definition of the functions ¢y in (2.4), it follows that

[An Ik
104(2) — £,(2)] < max{|€(2)],m(z)} Z Cn . zeq (2.11)

n

n=p+1 €n

By condition (c,) for the choice of the sequence {c,}, where the sequence {ayn} defined by for-
mula (2.7) is nondecreasing, the series on the left-hand side of (2.6) is convergent. Consequently,
(2.11) implies (2.1), and the sequence {{y} in (2.4) is uniformly convergent (together with its all
derivatives) on the compact sets to the function

ch W € H(Q) (2.12)

satisfying estimate (2.2). Furthermore, by definition (2.4) of the functions ¢ and in view of condi-
tion (co), we have g(0) = >_, -, ¢, = 1. Thus, properties (2) and (3) in the proposition hold, and,
to prove that (1) is fulfilled, it remains to show that min{Z,, Z,} = M.

If A ¢ suppA, i.e., A(X) =0, then each of the terms in (2.12) has a root of multiplicity Zy(\)
(possibly of multiplicity 0) at the point A. Consequently, the function g has a root of multiplicity
no lower than Z;(\) at A, and the relation

min{Zi(\), Zy(\)} = ZeV) = Ze(\) = A) =M(\), A ¢ supp A, (2.13)

holds. If A = A, € suppA, ie., A(A) > 0, then each of the terms in (2.12) except the nth
summand has a root of multiplicity Z;(\,,) at the point A,, and this nth summand has a root of
multiplicity Z;(An) — kn = Ze(An) — A(An) = M(A\,) < Zie(An) at A,. Thus, the function g has
a root of multiplicity Z,(\) = M(X\) < Zy(\) at each of the points A € supp A, and the relation
min{Zy;(\), Z4(A\)} = Z4(A\) = M(A), A € supp A, holds. This, together with (2.13), implies that
min{Z,, Z,} = M, i.e., property (1) in the proposition holds.

It remains to establish property (4), i.e., relation (2.3). We set

an(2) = ﬁ (1 - i)kn (2.14)

n=1

and, with regard to representations (2.12) and (2.4), consider the identity

an(2)g9(z) = £(2)pn(2) + gn(2) RN (2), (2.15)
where
oo qn(2) - cnl(2)
pn(z) = =2/ Ry(z)= Y A= 2/ (2.16)
n=1 n=N+1
Here, by the construction in (2.14), the function py is a polynomial, and we have
N
pn(0)=> cn—1 as N — oo. (2.17)
n=1

According to (2.10), the remainder Ry of the series satisfies the inequality

kn
[Rn(2)| < max{[{(z)], m(2)} Z A ’ N=1,2,.... (2.18)
n=N-+1 "

Furthermore, definition (2.14) implies the inequality

N
lav(2) < [ (1 + M) . qn(0)=1, N=1,2,.... (2.19)

n=1



By estimates (2.18) and (2.19), it follows from representation (2.15)—(2.16) that
Ipn (2)0(2) — an(2)9(2)] < lgn (2) By (2)]

. 2 ™ S
<H<1+m> max{[((z)],m(2)} > en ;;n .
n=1 n

n=N+1 n

(2.20)

If © is a bounded domain, then we rewrite (2.20) using notation (2.7) and then, by relation (2.6),
derive (2.3) from condition (c.) on the sequence{c,} since ®(z) > 1. If Q is an unbounded do-
main, then, preliminarily dividing and multiplying the right-hand side of (2.20) by ®(z), we again
derive (2.3) from (2.20) using the same procedure as above. Thus, the proof is complete.

Remark. Along with the additive method of constructing the function g as the limit of the
partial sums fy in (2.4), an alternative multiplicative method is also possible (cf. [11-13,16]) in
which ¢ is constructed as the limit of a recurrent sequence £y = £, £,(2) = (1—z/3,)f"ln_1(2) /(1 —
2/ )k € H(Q), n = 1,2,..., where {,} is sufficiently close to the sequence {\,}, but has no
common points with it. This method leads to the same result, but, in our realization, it turned out
to be much more extensive and laborious.

Proposition 2.2. Let 0 € Q, let 2 C H(QY) be a stable sequentially complete space, and let
{ € P be a weakly bounding function. Then the function g constructed as in Proposition 2.1 belongs
to Z. The conditions of sequential completeness and stability for the space & can be removed here
if £ is a densely weakly bounding function.

Proof. If g is a densely weakly bounding function in £, then, according to estimate (2.2) for g,
it belongs to the set (1.2), which is contained in £. Hence, g € &2, which proves the second part
of the propositions.

If £ is only a weakly bounding function belonging to the stable sequentially complete space 22,
then, by the stability of this space, all the function ¢5 constructed by rule (2.4) belong to £. Since
the set (1.1) is bounded, relation (2.1) in Proposition 2.1 means that {/,} is a Cauchy sequence.
Consequently, its limit in 42, which coincides with g since the topology of the space &2 majorizes
the topology of pointwise convergence, also belongs to £2.

3. On Submodules Generated by Two Submodules

Throughout this section, §2 is a domain in C, 0 € 2, and it is assumed that the module &
satisfies either condition [us] or condition [bs]. (See Theorem 1.) By Remark 2 in [2, Sec. 4, Sub-
sec. 2], the condition of pointwise stability holds in the case [bs] and, obviously, in the case [us] as
well. Thus, the assertion below is true.

Let V' be an arbitrary neighborhood of zero in 2. Then, for each A € C, there is a neighborhood
Uy such that the conditions f € Uy and f(z)/(z — X) € H(Q) imply that f(z)/(z—X) € V.

Preliminarily, we present a list of some more results in [2] needed in what follows and give some
comments when necessary.

(i) If a net (generalized sequence) {fs} C P over a directed set {o} converges in & to an

element f € P, then, for each n = 0,1,..., the nth derivatives satisfy the condition f(g")()\) —
e

FM™ () at all points X € Q. (See [2, Proposition 4.5 and Sec. 4, Subsec. 2 and Remark 2].) This
property ensures the preservation of the divisor of a submodule under the transition to its closure,
and we will use it in what follows without any additional reference.

(ii) A closed submodule in 2 internally stable at a point in Q is internally stable. (See [2,
Proposition 4.2 and Sec. 4, Remark 1].)

(iii) The closure I of a submodule I C & stable at a point \ is stable at the same point (see [2,
Proposition 4.5 and Sec. 4, Subsec. 2, Remark 2J).

(iv) In an analytically densified module 2, every closed stable submodule containing an abundant
nonzero submodule is also abundant [2] (see Proposition 6.4). This result was stated in [2] for
submodules over C|z] of local rank 1 in modules of vector functions. But in the case of scalar
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functions, all this is just as well true without the above additional assumption since every subset
in H(Q) distinct from {0} is of local rank 1. (See [2, Sec. 1, Subsec. 3]|.) Moreover, this result was
stated in [2] only for the case [us] without any comment on the case [bs]. By the assertion in the
very end of [2, Sec. 5], it is readily seen that the indicated result is true in the case [bs] as well.

The two propositions below are a slightly different version of essentially more general assertions
in [2] (namely, of Propositions 4.8 and 6.6). Cf. [17, Proposition 5.6].

Proposition 3.1. Let J be a closed submodule in &2 C H()) generated by a pair of submodules
L and G, let ¢ € L and g € G, £(0) = g(0) = 1, and let the following assumption hold:

[ss] there are two polynomial sequences {pn},{q.} € Clz], n=1,2,..., satisfying the condition
lim p,(0) = lim ¢,(0) =1 (3.1)

n—oo n—oo
and possessing the property that the sequence {p,l — qng}, n = 1,2,..., tends to 0 € & in the

topology of the spaceZ? as n — oco.
If the submodules L and G are internally stable at the point O € ), then the submodule J is
also internally stable.

Proof. We first somewhat modify the sequences {p,} and {g,}, n =1,2,... . By the definition
of a topological vector space, it follows from condition (3.1) that (p,(0) —1)¢ — (¢n(0) —1)g — 0

in #2. What has been established implies that the sequence {(pn — (pn(0) —1))¢—(¢n— (¢n(0)—1))g}
converges to 0 in &, and the polynomials for £ and g are already equal to 1 at zero. Consequently,
condition (3.1) in the proposition can be replaced by

pn(0) = gn(0) =£(0) = g(0) =1, n=12,..., Pl — gng — 0 in 2. (3.2)

It is clear that Z;(0) = 0 since ¢(0) =1 # 0 and £ € L C J. We consider an arbitrary element
F € J such that Zp(0) > Z;(0) = 0. By (ii), it suffices to show that F(z)/z € J.

Let V' be a neighborhood of zero in £2. It follows from the remark at the beginning of this
section that, in each of the cases [us| and [bs|, the module £ is pointwise stable. Hence, there is a
neighborhood of zero Uy in &2 such that the implication

fely, f(0)=0 = f(;)ev (3.3)
is true. We now choose a neighborhood of zero W such that W + W C Uy. Since F € J, there is
anet F, =, — g, € L+ G over the directed set {o}, ¢, € L, g, € G, convergent to F in 2.
We modify it in such a way that the terms of the net vanish at the point 0 € Q. For this, it
suffices to consider another net F¥ = F, — ({,(0) — 9,(0))¢ = 4y — go — ({5(0) — 9,(0))¢ € L + G,
which, as before, converges to F' in & since F,(0) — F(0) = 0, ¢£(0) = 1, and, accordingly,
(¢5(0)—g-(0))¢ — 0 in 2. Here, the new net contains a term having the form F* = f;,— fo € L+G,
where fr, =l —((5(0)—g,(0))¢ € L, fad = go € G, and F*(0) = f1(0) — fc(0) = 0, and possessing
the property that F'— F* € W. Let us set hy, = f1(0)(pnl — ¢ng) = fL(0)ppl — fc(0)gng € W for a
sufficiently large n. For this value of n, we have F' — F*+h, € W+ W C Up, and, in view of (3.3),
the division by z now gives

F(z) F*(2) —ha(2) _ F(2) <fL —fLO)pal  fo— fG(O)Qn9>

z z z z

ev,

where, with regard to (3.2) and by the internal stability of L and G at 0 € €2, the inclusion relations

(fL = fL(O)pat)/z € L and (fa — fa(0)ang)/z € G hold.
By the arbitrariness in the choice of V', these relations mean that F(z)/z is a point of contact

for the sum L + G, i.e., F(z)/z € J, which is what we had to prove.

Proposition 3.2. Let, in addition to property [us| or [bs], the module & be analytically densi-
fied and let the assumptions of Proposition 3.1 including condition [ss] also hold. If the submodules
L and G are abundant, then the submodule J = L + G generated by them is also abundant.
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Proof. As was noted in Sec. 1, by the definition of the property of abundance, each of the
submodules L and G is stable. By definition, J is a closed submodule. According to Proposition 3.1,
it is internally stable. Since each of the submodules L and G is externally stable, their sum L + G
is also externally stable. (This sum is regarded here without closure. See the definition of external
stability.) In the topological module, the closure J = L + G of the submodule L + G is also a
submodule, and, according to (iii), the submodule J is also externally stable. Thus, J is closed and
both internally and externally stable, i.e., it is a stable submodule. By construction, J contains
the abundant submodule L (or G), whence, since the module & is analytically densified, it follows
that, according to (iv), the submodule J is abundant, which is what is required to prove.

4. Proofs of Theorems 1 and 2

Using the shift of the complex plane, it can always be assumed without loss of generality in
the proofs of Theorems 1 and 2 that 0 € 2 and ¢(0) = 1. Throughout this section, it will also
be assumed that the module & satisfies one of the conditions [us] and [bs] in the statement of
Theorem 1.

The two facts presented below continue the list of the results in [2] (see the previous section)
we need.

(v) A principal submodule in 2 is always internally stable. (See [2, Sec. 4, Susbec. 3, Corol-
lary 2].) This assertion was proved only in the case [us], but an analysis of the proof of Proposi-
tion 4.7 in [2], whose corollary has just been stated, shows that only the property of b-stability and
the property of pointwise stability, which follows from [bs], are in fact used in this proposition.

(vi) For a bounded simply connected domain 0 satisfying condition (1.6), every closed submod-
ule I C 2 is externally stable. (See [2, Proposition 4.4 and Sec. 4, Susbec. 1, Remark 1].)

Proposition 4.1. Let &2 be the same module as in Theorem 1, let £ be a bounding function
mn P, and let M be a divisor such that M < Z;. Then there is a function g € & such that the
submodule J generated by the submodules I, and I, is abundant and the relation Zj = M holds.
The condition of sequential completeness for the module &2 can be removed if £ is a densely bounding
function.

Proof. We choose g in the form of a function constructed as in Proposition 2.1. Proposition 2.2
implies that g € 2.

Both the submodules I, and I, are abundant since they have the form I(A). (See Sec. 1.) By
the boundedness of the set (1.4) (of the set (1.5) if £ is densely bounding), relation (2.3) in property
(4) stated in Proposition 2.1 means that condition [ss] in Proposition 3.1 holds. By Proposition 3.2,
it follows that the submodule J = I, + I, is abundant. In this case, by the construction of the
submodules J, Iy, and Iy, we have Z; = min{Z,, Z,}. According to property (1) in Proposition 2.1,
the relation min{Zy, Z,} = M holds, and hence Z; = M, which proves the proposition.

Proof of Theorem 1. Let M = Z;. It is clear that M < Z,. By Proposition 4.1, the submodule
J = Iy + I, is abundant as well as the submodule I, and we have Z; = M = Z;. Two abundant
submodules with the same divisors coincide, i.e., I = J. If all principal submodules in & are
abundant, then (see Sec. 1) I, = I({) and I, = I({), i.e., J = I({)+ I(g), which proves the
theorem

Proposition 4.2. Let the module 22, the domain ), and the function £ be respectively the same
as in Theorem 1, Theorem 2, and Proposition 4.1. Let L be an abundant submodule in 27 which
contains £ and let M be a divisor such that M < Zy,. Then there is a function g € 2 such that the

submodule J generated by the submodule L and by the principal submodule I(g) is abundant and
the relation Zjy = M holds.

Proof. The condition M < Z implies that M < Z,. We again choose g in the form of a
function constructed as in Proposition 2.1, which, by Proposition 2.2, belongs to £2. According
to (v), the principal submodule I(g) is internally stable. The submodule L is stable since it is
abundant. Since the set (1.4) (the set (1.5) if ¢ is densely bounding) is bounded, relation (2.3) in
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assertion (4) of Proposition 2.1 means that condition [ss] in Proposition 3.1 holds. Consequently, by
Proposition 3.1, the submodule .J generated by L and I(g) is internally stable. It follows from (vi)
that the closed submodule J is externally stable if the domain 2 satisfies condition (1.6), i.e., J is
stable in this case. Since J contains the abundant submodule L, it follows that, according to (iv),
J is abundant .

Furthermore, by property (1) of the function g in Proposition 2.1, we have min{Z;, Z,} = M,

whence

Zy=min{Zy, Z,} < min{Zy, Z,} = M. (4.4)
By the condition M < Z; and according to the construction, we have M < Z,, ie., M <
min{Zy,, Z,}, which, together with (4.4), gives M = Z;, and the proposition is thus proved.

Proof of Theorem 2. We take the divisor M = Z;. The inclusion relation L C I implies that
M < Zj,. The submodule J = L + I; in Proposition 4.2 is abundant.

By assumption, the submodule I is closed and internally stable, and, according to (vi), it is
externally stable as well. Therefore, I is a closed stable submodule. Here I includes an abundant
submodule L, whence, by (iv), it follows that I is also an abundant submodule. Moreover, we
have Z; = M = Z;. Consequently, the two abundant submodules I and J coincide, which proves
the first part of the theorem.

To deduce the second part from the above, it suffices to note that the abundant principal
submodule I(¢) can be taken as the abundant submodule L C I entering the assumptions of the
theorem.

5. Applications

We first single out a rather wide class of spaces to which Theorems 1 and 2 are applicable.

Let g be a real-valued function in 2. We denote by 27, the normed space consisting of all
functions f € H(Q) with finite norm || f|l; = supceq(|f(¢)|exp(—q(()))-

Let @ = {qn}, n € N, denote an increasing (decreasing) sequence of real-valued functions on 2,
and let us introduce the locally convex space @CT? = Up>1 P4, (the space @Cl) = Np>1 Pq,) With the
natural topology of inductive (projective) limit. (See [4, 18].) We also introduce the function lg(z) =
max{1+]|z|, 1/ dist(z,00)}, z € 2, where dist( -, +) is the distance function and 0€ is the boundary
of Q.

Recall (see [18]) that the inductive limit 3322 (projective limit ,@é) is an (LN)* ((M)*) type
space on condition that, for each index n, there is an index k& > n (for each k there is an index n > k)
such that the embedding of &, in #, is completely continuous, i.e., it transforms a ball in the
space Z,, into a relatively compact subset in 2, . The spaces of the type (LN)* ((M)*) possess
some useful properties essentially facilitating the operation with them. (See [18].)

Proposition 5.1 (see [16, Theorem 2|). Let an increasing (decreasig) sequence Q = {q,} of
continuous functions in C satisfy the following conditions:

[Qs] for an arbitrary index n (m), there are indices m and k satisfying the inequalities m >k >n
(indices n and k satisfying the inequalities n > k > m) and a constant C > 0 such that, for each
point X € Q, the inequality supccp qr(¢) < infeep qm(¢) + C holds in the domain

exp(gn(¢) — %(C))}
31a(¢) ’

[Ql] for an arbitrary index m (p), there is an index p = m (m > p) and a constant C' > 0
such that qm(z) +logla(z) < ¢p(z) + C', z € Q.
Then the inductive (projective) limit 3”5 (gZé) is a bornological b-stable (uniformly stable)

D= Do) = {cen:lc- A <

separable complete reflexive analytically densified space of type (LN)* ((M)*) and, simultaneously,
a topological module over the ring Clz].

For a 2m-periodic p-trigonometrically convex (see[19]) lower semicontinuous function H(6) > 0,
0 € R, the module of entire functions [p, H) for p > 0 ([p, H] for p > 1) with indicator, for the
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order p, strictly less (no less) than H(0), 6 € [0,27), is a space of the form ,@22 (ﬂé) dealt with
in Proposition 5.1. Consequently, Theorem 1 and 2 can be used in these spaces. Following this
approach and using the well-known duality scheme when necessary, it is easy to obtain some of the
main results in [11, Theorems 1 and 2], [12, Theorem 3], and [13, Theorems 3.6, 4.6, and 4.7] on 2-
generated submodules and on the representability of differentiation-invariant subspaces in the form
of a solution space of two homogeneous convolution equations. To demonstrate another application
of the main results to spectral synthesis, we resort to the classical space C*°(a,b) of infinitely
differentiable complex-valued functions on an open (bounded or unbounded) interval (a,b) C R,
—00 < a < b < 400. (In what follows, some facts given in [4, 20, 21] are used.)

Let K, = [an,bn] C [ant1,bnt1], n = 0,1,..., be closed intervals in R and let their union
coincide with (a,b). We denote by C"(K,,) the space of functions continuously differentiable up to
the order n on [ay, b,] with the norm || f||,, = sup,ex, maxo<r<n | f* (2)], f € C"(K,). The natural
topology on the space C*°(a,b) = (),2,C™(Ky) is introduced as the projective-limit topology of
the space C"(Ky,).

Following L. Schwartz, we denote the strong dual of C*°(a,b), which is the space of distribu-
tions compactly supported in the interval (a,b), by &/(a,b) since Schwartz originally denoted the
space C(a,b) by the symbol &(a,b). The space &(a,b) consists of the Fourier-Laplace trans-
forms S(z) = (S, exp(—izz)), z € C, of all distributions S € &/(a,b), and its topology is induced
by that of &’(a,b) under the Fourier-Laplace transformation. The correspondence determined by
this transformation is one-to-one. For J C &(a,b), we set J = {S: S € J}. If | € £'(a,b), then [
will denote the compactly supported distribution whose Fourier-Laplace transform is [.

Furthermore, we introduce the spaces

1(2)]

P, =1 HC) :||l]), =su | < 00 ¢,

" { (C) = 1t Zeg (1 + |z])" exp(b, Im" 2 — a,, Im™ 2)

where Im*(z) = max{0,+Im z}. By one of the Paley~Wiener-Schwartz theorems, the space &'a,b)
can be internally described as the inductive limit of the normed spaces 22,, n = 1,2,..., with the
norms || « ||},.

It can be seen easily that ég’(a, b) is a space of the form ‘@CTQ satisfying the assumptions of
Proposition 5.1 and corresponding assertion of the proposition holds for it.

Theorem 3. FEvery abundant submodule I in the module z?’(a,b) is generated by a pair of
submodules of the form I, and I, for some £,g € I.

Proof. By Theorem 1, it suffices to show that I contains a bounding function ¢. Without loss
of generality, we can consider the space &/(—a,a) with a > 0.

First, let f € I. Then there are numbers k € N, a, and da/, 0 < d’ < a, such that |f(z)| <
C(1 + |z])*exp(a’|Imz|), z € C, where C is a constant. We take a number a” > 0 such that
a’ < a”’ < a and an exponential-type entire function h # 0 satisfying, for instance, an estimate of
the form |h(2)| < exp(e|Tm z| — 1/]2]), where 0 < ¢ < a — a”. (Such a function always exists. For
example, see [22, Theorems 39 and 40].) In view of the estimates for f and h, the product £ = fh
belongs to #,, C &(—a,a) for some n > k such that a” + ¢ < a,. Moreover, since I is abundant,
we have £ € I in view of the relation Z; < Zy < Z,. If m(2) = 1 and ®(z) = exp /|2, then the
set (1.5) is contained in the space 2, and is bounded in it. For &(—a,a) regarded as an (LN)*
type space, this means (see [18, Theorem 2]) that the set (1.5) is bounded in &/(—a,a). Hence, £ is
a bounding function in I, which is what we had to prove.

For S € &/(a,b) on the interval {h € R: cosupp S + h C (a,b)}, where cosupp S is the convex
hull of the set supp S, the convolution (S * f)(h) = (S, f(x + h)) is defined for all f € C*(a,b).

The (differentiation) invariant subspace W C C"(a,b) admits spectral synthesis if it coincides
with the closure of the linear span of the functions of the form z™e*® € W in the variable = € (a, b).

The assertion below is established following the standard scheme. (Compare with [21, Sec. 4] and
[24, Sec. 2].)
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Duality principle. There is a one-to-one correspondence between the set of all closed invariant
subspaces W C C(a,b) and the set of all closed submodules I C &'(a,b) which is established
according to the following orthogonality rule: W «— I if and only if I = j, where the functionals
in J C &(a,b) and only they annihilate W. An invariant subspace W admits spectral synthesis if
and only if the corresponding closed submodule I C ég’(a, b) is abundant.

Following [17, Sec. 6], we refer to the closed submodule I € £/(a,b) corresponding to a closed
invariant subspace W € C*(a,b) in accordance with the duality principle as the annihilator sub-
module for W. The annihilator submodule for the intersection (;_, W}, coincides with the closed
submodule generated by the annihilator submodules I, ..., I,, for the corresponding closed invari-
ant subspaces Wy, ..., W,.

Recall that the solution space Wg of a single homogeneous convolution equation S *x f = 0
in &(a,b), where S € &(a,b), is invariant, and it admits spectral synthesis. (See [23, Theorem 2],
[20, Theorem 16.4.1], and [21, Sec. 20].) By the duality principle, this means that the annihilator
submodule for Wy is exactly Ig = {f € 6'(a,b) : Zy > Zg}. Thus, if a submodule [ is generated
by a pair of submodules of the form I, and I, ¢,g € I, then, for a closed invariant subspace W
with annihilator submodule I, this implies the representability of W in the form of the intersection
of two invariant subspaces with annihilator submodules I, and Iy, i.e., W is the solution space for
the system of two homogeneous convolutions equations £* f = g+ f = 0. Hence, Theorem 3 can be
restated in the dual form by analogy with what is done in [17, Sec. 6], and [11, Sec. 1], as follows.

Theorem 4. If an invariant subspace in &(a,b) admits spectral synthesis, then it coincides
with the solution space of a system of at most two homogeneous convolution equations.

Remark. Proposition 5.1 can be extended without any difficulties to inductive (projective)
limits of normed spaces of holomorphic functions determined by integrated norms.

Analogs of Theorem 3 can be established for the space of exponential-type entire functions
which are Fourier-Laplace transforms of Beurling or Roumier type ultradisributions (see [25]), for
the space of hyperfunctions (see [20, Chap. 9]) with supports on subintervals compactly embedded in
a fixed interval, for the space of analytic functionals in spaces of holomorphic functions on a convex
domain D C C with constraints on their growth near the boundary 9D (see [26]), etc. It seems
that such analogs can be used to obtain results similar to Theorem 4 in terms of convolution type
equations if the convolution is possible or in terms of infinite-order differential equations (see [21,
Secs. 21 and 22]) in spaces of Beurling or Roumier type (see [25]) ultradifferentiable functions, in
spaces of real-analytic function on an interval, and in spaces of holomorphic functions in a convex
domain D C C with a prescribed rate of growth near the boundary 9D [26].
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